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Boundary-element calculations for dielectric
relaxation of water-in-oil-in-water emulsions
consisting of spherical droplets

with a spheroidal core

Abstract Using the boundary-ele-
ment method, theoretical calcula-
tions were made for the complex
permittivity of water-in-oil-in-water
emulsions consisting of spherical
droplets. A spheroidal inner phase
was placed at the center of the
droplet. To examine the effects of
the shape of the inner phase, the
axial ratio of the inner phase was
changed by keeping its volume un-
changed. The results showed that the
dielectric relaxation of the emulsions
was markedly affected by the shape
of the inner phase. As a detailed
analysis, effects of external electric
fields directed in the mirror plane
and those along the rotation axis of

the droplets were examined sepa-
rately. This showed that the relax-
ation consisted of two kinds of
relaxation terms. The first related to
the structure of the droplet parallel
to the external field and had similar
character to the low-frequency re-
laxation of emulsions of shelled
spheres. The second, found in re-
stricted cases, related to the structure
perpendicular to the external field,
having character similar to the high-
frequency relaxation for the shelled
spheres.
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Introduction

Several dispersed systems show dielectric relaxation due
to interfacial polarization in the radio-frequency region
[1-13]. Since the dielectric relaxation of this kind
depends on electrical and structural properties of the
systems, dielectric spectroscopic techniques serve as
nondestructive and in situ methods for the analysis of
the interior of the dispersed particles, such as aqueous
droplets in frozen water-in-oil (w/o) emulsions [2],
biological cells [6-11], ion-exchange resins [12], and
microcapsules [13].

In conventional theories of the interfacial polariza-
tion for emulsions, models of dispersed particles are
limited to layered confocal ellipsoids [14, 15] because of
mathematical difficulties. Discrepancies between the
structure of such simplified models and that of real
droplets reduce the utility of dielectric spectroscopic

techniques. Recent progress in theoretical studies [16-20]
enabled us to make computer-assisted calculations of the
dielectric relaxation using realistic models, to which it
was difficult to apply conventional analytical methods.
In the present study, the dielectric relaxation of water-in-
oil-in-water (w/o/w) emulsions consisting of spherical
droplets is calculated with a method [19] using the
boundary-element method (BEM). The shape of the
inner phase, which was restricted to spherical in
conventional theories, is made spheroidal in the present
study. Calculations using these models are situated at
the first stage of a series of theoretical examinations
about the effects of the internal structure of the droplets
using nonconventional models, which will be extended
to more complicated specimens in the future, such as
flocs in flocculated w/o emulsions [21] and biological
cells containing plural intracellular organelles [10]. These
calculations are expected to provide guidelines for
estimating the detailed structure of the droplets.
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Models and method of calculation

Models

The models for the droplets in the w/o/w emulsions are shown in
Fig. 1. The outer surface of the droplet is spherical and is
represented by

Py rr=1. (1)

The inner phase has a spheroidal surface given by

where Ry, and R;, are the semiaxes of the spheroid. The inner phase
for model S is spherical (R, = R;,=0.7). By forcing the volume to
be constant, the inner phase is modified into oblate spheroids in
models O1 (Ry, =0.88) and O2 (R;, =0.95) and into prolate ones in
models P1 (R;,=0.88) and P2 (R;,=0.95). The following values
were adopted for relative permittivities ¢ and electrical conductiv-
ities k of the phases: ¢ =¢,=80, K=Kk, =1 mS m™', g,=35, k,=0,
where subscripts i, a, and s denote the inner phase, a dispersing
medium, and the shell-phase, respectively. The values of x; and x,
are typical of aqueous electrolyte solutions [22]. The value of & is
comparable to the relative permittivity of nitrobenzene [23].

Method of calculation

In a previous study [19], we developed a method of calculating the
complex permittivity ¢* of emulsions with the BEM, where &* is
represented by &* =¢+1c/(iwgg), with ¢, x, an imaginary unit i,
angular frequency w represented by @ =2nf'in terms of frequency,
f, and the permittivity of vacuum, ¢,. This method is an extension
of the analytical methods using Maxwell-Wagner—Sillars-type
mixture equations [14, 24, 25], consisting of the following three
steps:

1. When a piece of the droplet is placed in a uniform external
electric field Eo(Eox, Eoy, Eo,), a dipole moment p is induced.
Values of the electric potential ¢ due to p are calculated by
solving Laplace’s equation numerically using the BEM. Details
of the calculations are shown in the Appendix.

2. The values of ¢ at a distant point r(x, y, z) from the droplet,
which is placed at the origin of the Cartesian coordinate system,
is represented by

1
4netegr’ pr

3)

where ¢,* is the complex permittivity of the surrounding medium
and r=(x>+*+29)"2 The induced moment p is represented
using a polarizability tensor o of the droplet as p=«E,. When the
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Fig. 1 Models for droplets in water-in-oil-in-water emulsions

droplet has Do, symmetry, as adopted in the present study, o is
the diagonal consisting of the polarizability components o, in the
mirror plane (xy-plane) and o, along the rotation axis (z-axis).
Hence Eq. (3) is modified to

o= [on (xEox + ¥Eoy) + 0,2Eq, ]

4neteor’
4
= A3 [.Bh (xEox + yEOy) + ﬂzZEOZ] ) (4)

where fi (k=h, z) is the polarization coefficient defined by
P = /(Vea*eg) using oy, &,*, and the volume of the droplet V.
In this step, values of S are obtained from ¢ using Eq. (4).

3. Using a Maxwell-Wagner—Sillars-type mixture equation, a
formula for the equivalent complex permittivity &* of the
emulsion is derived from Eq. (4) as

&+ 2¢;

L o p) 5

where P is the volume fraction of the emulsion. When P <1,
Eq. (5) becomes [26]

i = o + k(i) = (& — &) /P = 2y, + o, . (6)
where
ehx = epk + Kpk/ (iwey) = eafi /3 (k =h,z) . (7)

The approximate relations, Eqs. (6) and (7), were used in the
present study.

The calculations were made at frequencies from 10 to 10° Hz.
The calculations of ¢ in step 1 for models O1, O2, P1, and P2 were
carried out using the BEM, in which the surfaces of the droplets
were divided into isoparameteric elements consisting of ten nodes,
with cubic shape functions [27] being used in each of the elements.
Preliminary examinations showed that at least three significant
figures were attained in the calculations of e¢p* when the surfaces
were divided into more than 288 elements. Analytical equations [28]
were used in the calculations for model S since it has a structure of
a concentric shelled sphere.

Results and discussion
Behavior of ffi

The frequency dependence of ff; for model O2 is shown
in Fig. 2. As seen from this figure, the behavior of ffy is
dependent on the direction of the external field, Eq; fy,
shows two-step relaxation that includes two relaxation
terms h1O and h20 at low and high frequencies,
respectively, whereas f5, shows one-step relaxation z10.
Similar behavior of f was found for model-Ol1. In
models P1 and P2, in contrast, S, and f, contained one
(h1P) and two (zIP and z2P) relaxation terms,
respectively. Since Ry, = R;, in model S, S, = f,, which
contained two relaxation terms, 1S and 2S, at low and
high frequencies, respectively.

Behavior of ep*

The frequency-dependence of ¢ * for model O2 is shown
in Fig. 3. As seen from this figure, the behavior of ep* is
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Fig. 2 Frequency-dependence of B, (= f,"+ify”) in the mirror plane
and that of 8, (=, +ip,”) along the rotation axis for model O2

also dependent on the direction, because of the direction-
dependent behavior of fy. It is considered that the
relaxation of ep* consists of the same relaxation terms
as those in f.. To obtain dielectric relaxation parameters
for the terms in épi*, we assumed Cole-Cole-type
relaxation [29] described by D/[1 + (iwtg)™ <], where D°
is the relaxation intensity, t¢. the relaxation time, and mg¢,

200 T T . . 1
model-02
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log (f/Hz)

Fig. 3 Frequency-dependence of epp* [=zDh’fith”+KDhL/(z'wso)
where kpp" is the limiting value of kpy at low frequencies] in the
mirror plane and ep,* [ = ep, —ien,” + kp,-/(imeg)] along the rotation
axis for model O2

Table 1 Effects of the shape of the inner phase on the character-
istic frequency f°c (kHz), the relaxation intensity D°, and the Cole—
Cole parameter m°c, for constituent relaxation terms in ep,* and
SDZ*

Model 02 (0) S P1 P2
Ty 0.050 0.120 0.300 0.376 0.399
T, 0.620 0.557 0.300 0.120 0.050
Relaxation terms in epp*
hl10 1S hipP
fc 25 41 74 84 85
D° 134 78 39 34 34
m°c 1.00 1.00 1.00 1.00 0.99
h20 28
/e 147 178 205
D° 2.64 1.55 0.74
m°c 0.98 0.99 1.00
Relaxation terms in ep,*
z10 18 zIP
fc 114 110 74 46 32
D° 21 23 39 69 98
mc 0.99 1.00 1.00 1.00 1.00
28 z2P
fc 205 170 112
D° 0.74 1.60 4.21
mc 1.00 0.99 0.97

the Cole—Cole parameter. The characteristic frequency,
f°c=1/2rt°c), was obtained from t°c. The same analysis
was made for the other models. The values of these
relaxation parameters are shown in Table 1.

The direction-dependent behavior of i and ep* is
considered to originate from the direction-dependent
structure of the droplets. In the present study, further
analysis of the behavior of ¢p* were carried out using
the thickness of the shell phase in the mirror plane,
Tn=1-R;, and that along the rotation axis,
T,=1-R;,, as the measure of the structure of the
droplets.

Plots of /°c and D° of h10, h20, and h1P against T},
and those of z10, z1P, and z2P against 7, are shown in
Figs. 4 and 5. As a comparison with these relaxation
terms, f°c and D° of 1S and 2S for shelled spheres of
model-S type were evaluated using the analytical equa-
tions [28] by changing the thickness 7 of the shell phase,
and are represented by the solid lines in Figs. 4 and 5.

It is suggested from Figs. 4 and 5 that the relaxation
terms in ep* can be classified into two types: type 1
including h10, h1P, z10, and zIP that have low f°c
and large D°, and type 2 including h20 and z2P having
high f°c and small D°. The behavior of type-1
relaxation terms is similar to that of 1S for the shelled
spheres. The values of f°c and D° of type-2 terms are
located in the same regions as those of 2S; however the
dependence of f°c and that of D° on T are both
opposite to those in 2S. As an attempt, f°c and D° of
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Fig. 4 Change in the characteristic frequency f°c of constituent
relaxation terms with the thickness 7 of the shell phase parallel to an
external electric field, E,
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Fig. 5 Change in the relaxation intensity D° of constituent relaxation
terms with T parallel to E,

h20 are p
in Fig. 6,

lotted against 7, and those of z2P against T},
in which the behavior of type-2 relaxation

terms is similar to 2S. This result indicates that h20
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Fig. 6 Changes in f°c and D° of h20 and z2P with T perpendicular
to EO
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Fig. 7 Frequency dependence of ep* [= éep + kp/(iweg) = ep'—iep” +

kpL/(iwey)] for model O2

and z2P are related to the structure of the droplet

perpendicular to E,.

Behavior of ep*

The frequency dependence of ep* =2ep,™+ep,* for
model O2 is shown in Fig. 7. The constituent relaxation
terms h10, h20, and z10 are not distinguishable in this

figure.
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Table 2 Effects of shape of the inner phase on limiting values of the
relative permittivity ¢p and the conductivity xp

Model 02 ol S Pl P2
Low-frequency limit
ep- 257 144 82 101 131
kpt/mSm™ -1.50  -1.50  -1.50 -1.50  -1.50
High-frequency limit
e’ -37.5 =378  -382  -38.1 -38.0
kph/mSm™' -095  -097  -099  -098  -0.98

The limiting values ep-, ep', kp-, and xp! of ep
and xp at low (L) and high (H) frequencies for the
models used in the present study are shown in
Table 2. It is clearly seen from this table that the
shape of the inner phase causes effects on ep*,
especially on ¢p". In models Ol and O2, the
deformation of the inner phase causes a marked
increase in D° of h10 and a slight one of h20, as seen
from Table 1. The accompanying decrease in D° of
z10 is not serious. Hence the increase in ep™ for these
models is attributable to the increase in D¢ of h10. In
a similar way, the increase in ep" for models P1 and
P2 is attributable to that in D of zIP.

Conclusion

The present study showed that the dielectric relaxation
of w/o/w emulsions is affected by the shape of the
inner phase. This means that the utility of conven-
tional confocal models is limited because the shape of
the inner phase is restricted by that of the outer
surface of the droplet in these models. It can be
considered that the number and the position of the
inner phases also affect the dielectric relaxation.
Examinations of these effects using numerical methods
will provide important information for developing
detailed and reliable methods of analysis with dielec-
tric spectroscopic techniques.

Acknowledgement The authors thank K. Asami, Institute for
Chemical Research, Kyoto University, for helpful discussion.

Appendix

The induced electric potential, ¢, around the droplet is
obtained by solving Laplace’s equation

div grad (Y + ¢) =0 ,

where i is the electric potential due to Ey (=—grad ).
Using Green’s theorem, y + ¢; at a point P(x,, yp, zp) on
the surface of phase j (j=a, s, 1) is represented by the
surface integral equations as

(A1)

mem+%wwaﬁwwm—@w+%mL
(A2)

[Wqs — o (¥ + ¥s)lds

(A3)

a(P)(P) + 9P = [

To+T5

PIWP) + (P) = [ g =g i+ lds . (Ad
where I, is the boundary at infinitely large distances
from the droplet, I’y and T’ the surfaces represented by
Egs. (1) and (2), respectively, ¢j(P) the solid angle under
which P sees the surfaces from phase j, u* the Green
function

1

u' =u'(rp,r) =

4rf(x — xp)z + - J’p)z +(z— Zp)z]l/z 7

(A5)

q; = (grad u")m; , (A6)
q; = [grad (¥ + ¢;)Im; (A7)

and n; the unit vector normal to the surface directed
outside of phasej. Since ¢ =0 at infinitely large
distances from the droplet, q, and ¢, diminish on I',.
Hence Eq. (A2) is reduced to

q@W@Hﬁ#ﬂzWﬂ+Ah%—@W+%M&

(A8)

Using isoparameteric elements, Egs. (A3), (A4), and
(A8) are discretized into
HI S — G} = (1— H)y” | (A9)

(HE9 — G™?) + (HY'9), — G'a}) = —(HEW° + HOW)

(A10)
(H ¢S — G°qf) + (Hi¢, — G'qy) = —(HPyY® + HYy')

(A11)
Hi¢| — G'q; = —Hy' |, (A12)
where
y" ="My, (A13)
o ="{e}"} (A14)
q"="{q"} . (A15)
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H™ = {7} (Al6)

G™ = {GMN} | (A17)

]‘IJ-MN =5MNCJM—|-/F [qj*(l’]\/hl')(NN(l‘)]ds R (A18)

GMN — / " (e, F)N (1)) dSs (A19)
Iy

M = ¢(Pu) | (A20)

I is the unit matrix, superscripts m and n index the
surfaces I'y,, and I', (m, n=1, 0), M and N, respectively,
index the nodes on I';, and TI',,, Nn(r) is the shape
function with respect to node N, and dyn is the
Kronecker delta.

The following boundary conditions can be assumed
at the surfaces I', and T7;:

o = o (A21)
(A22)

where (j1, j2)=(a, s) or (s, i). According to the
definitions of ¢;(P) and g x,

* M * M __
§1951 + &9 =0,

c}\l/[ —l—c}\f =1, (A23)

q}‘l (rm, 1) = —qj*z(rM,r) . (A24)

Using Egs. (A21), (A22), (A23), and (A24) Egs. (A9)
and (A12) are, respectively, modified to

(= HZ)o{ + (&7/2,)G™q0 = HY®
(1= H), + (/)G q = —(I-H)Y"

From Egs. (A10), (All), (A25), and (A26), we
obtain

(A25)

(A26)

I-H® (/)G 0 0 1[4
HS() _G66 H;)i _Goi q;)
Hiso _GiO Hlsl _Gii ¢ls
0 0 I-HI (g/6)G" | | by

—H® 0
H66 HOi '/’0
S S
7| Hi° Hi v
S S
0 I-H!

(A27)

This equation is used to evaluate ¢¢, q°, ¢., and ¢! on
the surfaces I', and T';, where ¥° and ¢' are given as
boundary conditions characterizing E,.

If the point P is located outside the droplet, c,(P)=1
in Eq. (A8); hence, Eq. (A8) becomes

b.(P) = / g — (0 + $o)lds | (A28)
which is discretized into
$u(P) = 247 — h(¥° — 60)
= [(e/e)ga® + ha(W° — 90)] . (A29)
where
g =T} | (A30)
H, =T} | (A31)
£ = [ W erNe)ds (A32)
T
= [ N (o]ds (A33)
T,

Equation (A29) is used to evaluated ¢, around the
droplet using the values of ¢ and q?.
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